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It is shown that the values which the Wiener numbers of isomeric polyphenyls may assume are 
all congruent modulo 36. Similarly, the Wiener numbers of isomeric phenylens are always congruent 
modulo 18. These findings provide a rationalization for the known fact that the isomer-discriminat­
ing power of the Wiener number is rather weak. Extensions of the present results to more general 
classes of graphs are also pointed out.

Introduction

The fact that the Wiener number has a very poor 

isomer-discriminating power was noticed and investi­

gated by several researchers [1-6]. This is especially 

the case within classes of structurally related 

molecules. One possible explanation of this phe­

nomenon is that there are rigorous “selection rules” 

for the Wiener numbers, i.e., that the Wiener numbers 

of all members of a class of molecules must possess a 

common arithmetic property. The first hint for this 

came from the observation [7] that alternant hydro­

carbons have odd-valued Wiener numbers if and only 

if both the number of starred and unstarred atoms is 

odd. Eventually a more powerful restriction for the 

Wiener numbers was discovered in the case of cata- 

condensed benzenoid hydrocarbons [3, 8]: the Wiener 

numbers of any two isomeric catacondensed species 

are congruent modulo 8. In other words, in the inter­

val containing the Wiener numbers of isomeric cata­

condensed benzenoids, among every eight consecutive 

integers seven are “forbidden”.

In this paper we demonstrate that similar, but even 

more restrictive, “selection rules” exist in the case of 

two further classes of molecules - polyphenyls and 

phenylenes. We also show hat these results seem to 

represent only the tip of an iceberg, and that their 

various generalizations and extensions are possible.

If G is a molecular graph [9-11], then the Wiener 

number W{G), associated with G, is equal to the sum 

of the distances between all pairs of vertices of G. The 

Wiener number is one of the most extensively studied 

topological indices; for some recent reviews see [9- 

16],
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Let G be a connected graph, V(G) its vertex set, and 

d (u, v | G) the distance between the vertices u and v of

G. Then the Wiener number W(G) is given by

W (G )= l X  I  d(u,i;|C).
Z ueV(G) veV(G)

In the subsequent discussion we will often need the 

auxiliary quantity d(u|G), called the distance of the 

vertex v, and defined as

d(i?|G) = Z  d (m, v|G).
u e V(G)

The Wiener Number of Poly phenyls

Polyphenyls are conjugated hydrocarbons consist­

ing of benzene rings which are connected by essen­

tially single bonds. It is required that polyphenyls do 

not possess rings other than six-membered.

The molecular graphs of polyphenyls are con­

structed from a certain number, say h, of disjoint six- 

membered circuits which are connected by means of 

h — 1 edges; these latter edges must be bridges. (Recall 

that an edge e of the graph G is said to be a bridge if 

G — e has more components than G [9].) The graphs 

R3(a), R3(b) and R3(c), depicted in Fig. 1 pertain to 

the three isomeric triphenyls. Our consideration ap­

plies also to graphs of the form R 3(d).

It is clear that every polyphenyl graph Rfc with h 

hexagons, h>  1, can be obtained from a polyphenyl 

graph Rh _ x with h — 1 hexagons, by attaching to it 

(via a bridge) a new hexagon. Hence, polyphenyl 

graphs have the structure shown in Figure 2. In Fig. 2 

we also indicate the labeling of the vertices of Rh, 

referred to in the subsequent discussion.
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R3( c )

Fig. 1. Graphs obtained by connecting 3 hexagons by means 
of 2 bridges; W'(R3 (a)) =  657 =  549 +  3 x 36, W'(R3(b)) =  621 
=  549 +  2 x 3 6 ,  W/ (R3 (c)) =  585 =  549 +  36, W'(R3 (d)) =  549.

If h =  1, then there exists a unique R t (=  the ben­
zene graph), and its vertices are symmetry-equivalent. 
Hence, if h =  1, then (5) holds in a trivial manner.

Let h >  1. From  (4),

d ( x |R J - d ( x ' |R ; )  =  d ( x |R ,_ 1) - d ( x ' |R ; _ 1)

+  6 [d (x ,y |R h_ 1) - d  ( x ', / |R ; _  j)]. (6)

Assume now that (5) holds for polyphenyls with h — 1 
hexagons. This implies that d (x | R* _ x) — d (x '| RJ, _ J  
is divisible by 6. If so, then by (6), d (x | R J  — d (x' | R J  
is also divisible by 6, i.e., (5) holds for polyphenyls with 
h hexagons. ■

Note that in Lemma 1 the graphs Rh and RJ, need 
not be distinct. Also observe that the multiplier 6 in (6) 
is a proper consequence of the fact that polyphenyl 
graphs are composed of six-membered circuits.

Because d ( x \ R 1) =  9, from (4) and Lemma 1 one 
arrives at

Fig. 2. The structure of the polyphenyl graph; h = number of 
hexagons.

Let x be an arbitrary vertex of Rh. W ithout loss of 
generality we may assume that x belongs to the frag­
ment R ,,-! , see Figure 2. Then by taking (1) into ac­
count, we conclude from Fig. 2 that

d (x |R /l) =  d (x |R fc_ 1) +  X d (x ,z f|R Ä) (2)
i = 1

as well as

d (x ,z 1|R J  =  d (x ,y |R ft_ 1) +  l (3a)

d (x ,z2|R /l) =  d (x ,z6|R J  =  d (x ,y |R Jl_ 1) +  2, (3 b)

d (x, z 31 Rfc) =  d (x, z51 Rfc) =  d (x, y | Rh _ j ) +  3, (3 c)

d(x, z J R J  =  d (x ,y |R fc_ 1) +  4. (3d) 

Substituting (3) back into (2) we obtain

d ( x \ R h) =  d ( x \ R h_ 1) +  6 d ( x , y \ R h_ l ) +  \5.  (4)

Lemma 1. Let Rft and RJ, be two arbitrary polyphenyls 
with h hexagons. If x is an arbitrary vertex of Rh and 
x ' an arbitrary vertex of R J  then

d (x |R ft) =  d (x '|R J (m o d  6). (5)

Proof follows by induction on the number h of 
hexagons.

Corollary: If h is odd, then d (x | R J  =  3 (mod 6), If h is 
even, then

d ( x |R J  =  0 (mod 6).

We now proceed with the calculation of W^RJ. 
Three types of vertex pairs u, v in Rh can be distin­
guished (see Figure 2);

(a) Both u and v belong to the Rft -fragment.
(b) Vertex u belongs to the Rh -fragment whereas 

v is one of the vertices , i =  1,2,3,4, 5 ,6, or vice versa.
(c) Both u and v belong among the vertices zf, / =  1,

2, 3, 4, 5, 6.
In case (a) the sum of distances between u and v 

is equal to W ^ R ^ J . In case (c) this is equal to
WXRJ =  27. In case (b) the respective sum is equal to

6
£  X d (u , z,-1 Rh). Therefore

u e V ( Rh_!) i = l

W(Rh) =  W(Rh_ 1) +  2 1 +  X
ueF(Rh

Because of (3) we have

Z d ^ z J R J .  (7) 
i) i = 1

I d ( u ,z , . |R J
i = i

=  x  [6d(u ,y \Rh_ 1) +  \5]
u e V  (R h _ [)

=  6 d (y |R fc_ 1) +  15 |R fc_ 1|

=  6d(y  | Rh_ J  +  90(^i — 1),
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where by |G| we denote the number of vertices of the 
graph G. This yields

^(R „) =  ^ (R „  -  i) + 27 4- 6 d (y | R„ _,) +  90 (h -1 ) , (8) 

from which it immediately follows

^ ( R „ )  -  ^ ( R ; )  =  w (Rh W( r ;  _ j)

+ 6 [d (y |R h_ 1) - d ( / | R ; _ 1)]. (9)

Observe that the multiplier 6 in (9) is again a conse­
quence of the fact that we are dealing with six-mem­
bered circuits.

Because of Lemma 1, the last term on the right- 
hand side of (9) is divisible by 36. For h =  2 and 
h =  3 the graph Rh _ x is unique and therefore 
VF(Rft _ j) — ^(R /, _ i) =  0. Consequently, if h =  2 and 
h =  3, the right-hand side of (9) is divisible by 36. 
Induction on h leads now straightforwardly to the 
conclusion that the right-hand side of (9) is divisible by 
36 for all h >1. We thus arrived at

Theorem 1: Let Rh and R̂ , be two arbitrary poly­
phenyls with h hexagons. Then W(Rh) =  W^R),) 
(mod 36).

Corollary: Let Rh be a polyphenyl with h hexagons. 
Chose the interger i, i =  0, 1, 2 or 3, such that h 4- i is 
divisible by 4. Then VF(Rft) =  9 i (mod 36).

The Wiener Number of Phenylenes

Phenylenes represent another class of conjugated 
systems, obtained by joining six-membered rings. This 
time, however, six-membered rings are coupled via 
two bonds. As a consequence of this, a four-membered 
ring is formed between each pair of adjacent 
hexagons. The isomeric phenylenes with 4 hexagons 
are depicted in Figure 3.

Phenylenes are of outstanding interest in contem­
porary research in the chemistry of polycyclic aro­
matic compounds. For recent experimental and theo­
retical work on them see [17-21].

The molecular graphs of phenylenes are obtained 
from a certain number, say h, of disjoint hexagons. If 
two hexagons are adjacent, then they are joined by 
means of two edges. These edges involve adjacent ver­
tices of each of the two hexagons, forming thus te­
tragons. Further, by deleting from a tetragon the two 
edges not belonging to hexagons, the resulting sub­
graph must become disconnected. The structure of a

( X X X )
p ,(a ) P Jb )

P4 (c) P<(d)

Fig. 3. The isomeric phenylenes with 4 hexagons; H/ (P4 (a)) 
=  1296 =  1134 4  9 x 18, W(P4 (b)) =  ^ (P 4 (c)) -  W{P4 (d)) =  
1260= 1134 +  7 x 18, H/ (P4 (e)) =  1134; observe that three of 
the five isomers have equal VF-values.

Ph
Fig. 4. The structure of the phenylene graph; h =  number of T 
hexagons

phenylene graph Ph, comprising h hexagons, and the 
labeling of some of its vertices is shown in Figure 4.

For phenylenes we establish results analogous as 
for polyphenyls, which we state in the form of a lemma 
and a theorem.

Lemma 2: Let Ph and Pft' be two arbitrary phenylenes 
with h hexagons. If x is an arbitrary vertex of Ph and 
x ' an arbitrary vertex of Ph', then d ( x |P J  =  d (x '|P Ä') 
(mod 6).

Theorem 2: Let Pft and Ph' be two arbitrary phenylenes 
with h hexagons. Then H^(Ph) =  VF(Ph')(m od 18).

The proofs of Lemma 2 and Theorem 2 are based 
on reasoning similar to that used in the case of 
polyphenyls. We therefore sketch only the basic fea­
tures of these proofs.

Proof of Lemma 2. We refer to the labeling of vertices 
ofP* as indicated in Figure 4. Without loss of general­
ity consider a vertex x whose distance to y x is smaller 
than the distance of y 2 ■ [Recall that Ph is a bipartite 
graph. Therefore there cannot exist vertex x, for which
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d (x, y ! | Pfc) =  d (x, y 2 1PJ.] Then

d ( x |P J  =  d (x |P ft_ 1)+  Z d ( x ,z , |P J ,
i = 1

which combined with

d (x ,z 1|P„) =  d (x ,y 1|Pfc_ 1) +  l, 

d (x ,z2|P J  =  d (x ,z6|P J  =  d (x ,y 1|PA_ 1) +  2, 

d (x ,z 3|P J  =  d (x ,z 5|P J  =  d (x ,y 1|Ph_1) +  3, 

d (x ,z4 |P J  =  d (x ,y 1|Pft_ 1) +  4

yields

d ( x |P J  =  d (x |P fc_ 1) +  6d (x ,y 1|Ph_ 1) +  15. (10)

Lemma 2 follows from (10) in the same way as 
Lemma 1 follows from (4). ■

Corollary: If h is odd, then d (x | Pft) =  3 (mod 6). If h is 
even, then d (x | Ph) =  0 (mod 6).

Proof of Theorem 2: In analogy to (7) we now have

W(Ph) =  W(Fh_ 1) +  2 7 +  Z  i d ( u , Zi\Ph),
u e V ( Ph _!) i = 1

and in addition:

Z  d (« ,z1|P J  =  d (y1|PA_ 1) +  |PÄ_ 1|,
u e V (Ph _, )

Z  d(t/,z2|P J  =  d(3;1|Pft_ 1) +  2 |P h_ 1|,
U6K(Ph _, )

Z  d(u ,z3|Pfc) =  d(y1|Pfc. 1) +  3 |P fc_ 1|,
U6K(Ph _i )

Z  d (U,z 4 |Pfc) =  d(y2|P ,_ 1) +  3 |P fc_ 1|,
u e V  (Ph _ i)

Z  d (u ,z5|P J  =  d(y2|Pft_ 1) +  2 |Ph_ 1|,
u e V (Ph _ i)

Z  d(u, z6| Ph) =  d(y2| PA _ x) +  | P/,_! I,
u e V ( P h _ , )

where | PA _ 11 =  6 (h — 1). This results in

^ ( P h) =  ^ ( P h_ 1) +  2 7 + 3 [d (y 1|P ,_ 1) +  d(y2|Ph_ 1)]

+  7 2 ( / i - l ) .  (11)

Theorem 2 follows now from (11) in the same manner 
as Theorem 1 is deduced from (8). ■

Corollary: If h is odd, then W^PJ =  9 (mod 18). If h is 
even, then W^PJ =  0 (mod 18).

Some Generalizations

From the proofs of the Lemmas 1 and 2, as well as 
Theorems 1 and 2 it is easily seen that the numbers 6, 
36 =  62 and 18 =  \  62 have their origins in the fact that 
both the polyphenyl and phenylene graphs are formed 
by joining 6-membered circuits. The following gener­
alizations are thus straightforward. Because they in­
volve molecular graphs of lesser chemical importance, 
or graphs which are not molecular at all, we state 
them just for the sake of completeness and without 
proof.

Theorem 3: Let R„ h be a graph obtained by connect­
ing h disjoint n-membered circuits by means of h — 1 
bridges. Let R̂ , h be another graph of the same type. 
Let x and x ' be vertices of R„ h and R̂ , h, respectively. 
Then d (x | R„ h) =  d (x '| R; J  (mod n) and ^ ( R ^ J  
=  ^ (R n ,J (m o d  n2).

Theorem 4: Let P„ h be a graph obtained by connect­
ing h disjoint n-membered circuits by means of h — 1 
pairs of edges, in the manner described in the case of 
phenylenes. Let P„' h be another graph of the same 
type. Let x and x ' be vertices of P„ h and P„' h, respec­
tively. If n is even, then d (x | P„ h) =  d (x' | P„' h) (mod n) 
and W (P„ h) = W (P„' h) (mod ^ w2).

If n =  6, then R„ h and P„ h reduce to the previously 
studied polyphenyl and phenylene graphs, Rh and Ph, 
respectively. Notice that whereas Theorem 3 holds for 
both even and odd values of n, in Theorem 4 it is 
required that n is even-valued. The extension of this 
latter result to odd n is not known to us.

Theorem 3 can be further generalized. Let G  be a 
connected n-vertex graph whose all vertices are sym­
metry-equivalent. (Recall that the circuit is such a 
graph, but that there are many other graphs of this 
kind.)

Theorem 5: Let G h be a graph obtained by connecting 
h disjoint copies of G by means of h — 1 bridges. Let 
Ĝ , be another graph of the same type. Let x and x' be 
vertices of G h and G'h, respectively. Then d (x |G A) 
=  d (x ' | G ;) (mod n) and W ( G h) =  IT(R;) (mod n2).

Of several other modulo-type relations for the 
Wiener number which we discovered during the pres­
ent study, we wish to mention only the following. Let 
C„ (1), C„ (2), . . . ,C„{h) be disjoint copies of the n-mem-
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(XXX)
Q6/. (a)

i =  1, 2 ,..., h — 1. Three examples of graphs of the type 
Q„ h are depicted in Figure 5.

Q 6, (̂b) Q6,/,(c)

Fig. 5. Three representatives of graphs Q 6 4; ^ ( Q f ^ a ) )  
=  1296 =  1152 +  4 x 36, W (Q6 4 (b)) =  1224 =  1152 +  2 ’x 36, 
^ ( Q 6.4(c)) =  1152.

bered circuit. Construct a graph Q„ h by joining (via 
two new edges) two adjacent vertices of C„(i) to a 
vertex C„(i +  1), and by performing this procedure for

Theorem 6: Let Q n h and Q'n h be two graphs of the 
above described type. Then for n > 3 , h >  1, W(Q
— ^(Qn.h) (mod n2).

Notice that, in a certain loosely defined way, the 
structure of Q„ h lies on the half way between P„ h and 
Rn h. Also notice that an n-membered circuit in Cn h 
must not have more than two neighbors (in contrast 
with P„,„ and Rnh).
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